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Regulation About Time-Varying Trajectories:
Precision Entry Guidance Illustrated

Ping Lu¤

Iowa State University, Ames, Iowa 50011-3231

A new method for regulating nonlineardynamicsystems about time-varyingreference trajectories is introduced.
The control law is a closed-form approximate receding-horizon control law based on the linearized time-varying
dynamics. No on-line integration or explicit gain scheduling is required for implementation. Closed-loop stability
can alwaysbe achieved with such a control law. The applicationof this method inentry guidancefor the X-33 vehicle
leads to very accurately controlled � ight in all the state variables in simulations, which was dif� cult to achieve
previously. This application demonstrates the potential of this approach as a powerful guidance and trajectory
control method in cases for which high precision is required.

I. Introduction

T HE trajectory control problem for dynamic systems is often
addressed in two steps: off-line trajectoryplanningand on-line

trajectory tracking. It is the case for many robot control problems.
In aerospaceengineering,entryguidanceof a spacecraftis currently
performed this way. Off-line trajectory planning allows careful de-
sign of the trajectory to satisfy all the constraints, optimize perfor-
mance, and balancethe con� icting requirementsarising from differ-
ent aspects of the mission. In the on-line implementation,however,
some judicious choices in deciding how to accomplish the control
objectives may have to be made because of the limited number of
controlsand nonlineardynamics.For instance, in the entry guidance
problem, the primary means for trajectory control is through mod-
ulation of the bank angle. Current nonlinear control methodology
does not rendera practicalsolutionto trackingthe three-dimensional
referencetrajectoryin the state space (six statevariables). The Space
Shuttle and the X-33 entry guidance systems opt to track a nominal
drag pro� le derived from the reference trajectoryfor the downrange
control, and the crossrangecontrol is achieved by reversing the sign
of the bank angle when certain heading error threshold criteria are
exceeded.1¡3 Although the downrange distance and energy can be
accurately controlled in this way, a different guidance strategy may
have to be used near the end if additional requirements on other
state variables such as the heading angle need to be met, as in the
case of the X-33 (Refs. 2–4). The use of another guidance strategy,
however, may in turn interfere with accurately achieving the end
conditions in position and altitude.

An alternative is to treat the trajectory tracking problem as a reg-
ulation problem in the state space about the reference trajectory.
If effective control laws based on the linearized dynamics can be
developed to null the deviations from the reference trajectory, this
approachshould be quite appealingbecause the referencetrajectory
has alreadybeendesigned to meet all the mission requirements.One
major stumbling block to this approach has been due to the fact that
the linearized system is time varying because of the time-varying
nature of the referencetrajectory.In a sharp contrast to the extensive
bodyof designmethods for linear time-invariantsystems,therehave
been relatively very few available methods for controller design to
stabilize a linear time-varying (LTV) system. A commonly used
technique is to design the controller at a number of points along
the trajectory, and then interpolate the gains over the � ight enve-
lope. Reference 5 presents such an application for entry trajectory
control. The practical disadvantages of this technique are that the
point designs of the controller and gain scheduling are manpower
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intensive and highly time consuming, and the entire process has to
be repeated for each different reference trajectory for different mis-
sions. On an equally (if not more) important note, a fundamental
issue is that stability cannot be theoretically guaranteed by such a
gain-scheduledcontroller.Therefore extensive simulationsare usu-
ally required for verifying the control law, which further adds to the
mission costs.

In a recent work,6 a closed-form stabilizing control law for LTV
systems has been developed. The control law is based on an ap-
proximation to the solution of a receding-horizoncontrol problem.
Once the control law is developed,no on-line integrationsor explicit
gain schedulingare required, and the control law has the same form
for different reference trajectories. A stabilizing control law can
always be constructed in this way to guarantee the closed-loopsta-
bility of the linearized, time-varyingsystem, and hence the stability
of the original nonlinear system in a neighborhoodof the reference
trajectory.

In this paper, this control design method is introduced as a po-
tentially powerful trajectory control tool for nonlinear systems.
The problem of entry guidance for the X-33 Advanced Technol-
ogy Demonstrator is revisited with this method. The simulations
demonstrate tight regulation of all the state variables for the three-
dimensional motion in the presence of relatively large trajectory
dispersions. All the conditions at the terminal area energy manage-
ment (TAEM) interface (the end of entry � ight) match the nominal
ones very well, which previous studies2¡4 have not been able to
achieve.

II. Stabilizing Control Laws for Linear
Time-Varying Systems

The development of the control laws is brie� y outlined here for
completenessand the convenienceof the reader. For more technical
details, the reader is referred to Ref. 6. Consider an LTV system

Px D A.t/x C B.t/u (1)

where x 2 Rn , u 2 Rm , and A.¢/ : R ! Rn £ n and B.¢/ : R ! Rn £ m

are continuous. System (1) is assumed to be uniformly completely
controllable.7 A control law u D K .t/x is sought to stabilize system
(1) at the origin for any initial condition x.t0/.

Receding-Horizon Control Problem
The receding-horizoncontrol approach is one of the few existing

methods for LTV systems.The receding-horizoncontrol problemat
any t ¸ t0 is de� ned to be an optimal control problem in which the
performance index

J D
t C T

t

[x T .¿ /Qx.¿/ C uT .¿/Ru.¿/] d¿ (2)

784



LU 785

is minimized for some Q ¸ 0 and R > 0, subject to systemdynamics
(1), initial condition x.t/, and the terminal constraint

x.t C T / D 0 (3)

with ±c · T < 1, where ±c > 0 is a constantused in the de� nition of
uniform controllability of system (1) (Ref. 7). The idea is to solve
this optimal control problem in the � nite moving horizon [t; t C
T ] with the current state x.t/ as the initial condition. Let uoptm.¢/
be the optimal control obtained in [t ; t C T ]. Only the � rst data
uoptm.t/ are used to be the current applied control u.t/ D uoptm.t/.
The rest of uoptm.¢/ is discarded.The process is then repeated for the
next t. Thus the receding-horizoncontrol strategy is different from
applying u.¿ / D uoptm.¿ / for all ¿ 2 [t; t C T ].

Kwon and Pearson8 show that the receding-horizoncontrol strat-
egy for any � xed T 2 [±c; 1/ gives the control

u¤.t/ D ¡R¡1 BT .t/P¡1.t; t C T /x.t/ K ¤.t/x.t/ (4)

where P.t1; t2/ > 0 satis� es the matrix Riccati differential equation
at any ¿ 2 [t ; t C T ] [t; tT ]:

¡ @ P.¿; tT /

@¿
D ¡A.¿/P.¿; tT / ¡ P.¿; tT /AT .¿ /

¡ P.¿; tT /Q P.¿; tT / C B.¿ /R¡1 BT .¿ / (5)

with the boundary condition

P.tT ; tT / D P.t C T ; t C T / D 0 (6)

To compute u¤.t/ from Eq. (4), Riccati equation (5) needs to be
integrated backward from t C T to t with boundary condition (6).
The closed-loop system under control law (4) is uniformly asymp-
totically stable, provided system (1) is uniformly controllable.8

Approximate Receding-Horizon Control Law
The need for backward integration of matrix Riccati differential

equation (5) at every instant t poses a serious computationalburden
for on-line implementationof control law (4). An analyticalapprox-
imation to control law (4) is developedin Ref. 6 as follows:Consider
the preceding receding-horizon problem in the interval [t ; t C T ].
Divide this interval into N subintervals of equal length h D T=N
for some integer N ¸ n=m . With the current state x.t/ known, a
� rst-order predictionof x.t C h/ as a function of u.t/ is given by a
Taylor series expansion at t :

x.t C h/ ¼ x.t/ C h[A.t/x.t/ C B.t/u.t/] D .I C h A/x C h Bu

(7)

Denote Ak D A.t C kh/, Bk D B.t C kh/, xk D x.t C kh/, and
uk D u.t Ckh/, k D 1; : : : ; N . Then another � rst-orderTaylor series
expansion at t C h, together with approximation (7), gives

x.t C 2h/ ¼ x1 C h.A1x1 C B1u1/ ¼ .I C h A1/.I C h A/x

C h.I C h A1/Bu C hB1u1 (8)

Continuing this process, we have

xk ¼ 1k x C
k ¡ 1

i D 0

Gk;i ui ; k D 1; : : : ; N (9)

where

1k D .I C h Ak ¡ 1/1k ¡ 1; with 10 D I (10)

Gk;i D .I C h Ak ¡ 1/G k ¡ 1;i ; i D 0; 1; : : : ; k ¡ 2

Gk;k ¡ 1 D hBk ¡ 1 (11)

The subscript0 in the precedingexpressionsdenotes the values at t .
Let L0 D x T .t/Qx.t/CuT .t/Ru.t/ and L k D x T

k Qxk CuT
k Ruk , k D

1; : : : ; N . The integral in Eq. (2) is approximated by the standard
trapezoidal formula for integrals:

J ¼ h.0:5L0 C L1 C ¢ ¢ ¢ C L N ¡1 C 0:5L N / (12)

De� ne an (mN )-dimensionalvector v D colfu.t/; u1; : : : ; u N ¡ 1g. If
the xk in Eq. (12) are replaced with prediction (9), the performance
index is thus approximated by a quadratic function of v:

NJ D 1
2 vT H .t; N; h/v C x T S.t ; N ; h/v C q.x; t; N; h; u N / (13)

where H 2 Rm N £ m N is positivede� nite for any t ¸ t0 , integer N and
h > 0; S 2 Rn £ m N ; and q is quadratic in x and uN . These terms are
obtaineddirectlyby rearrangingthe expressionof J in formula (12)
once the xk are replaced with prediction (9). The Appendix gives
the expressions of H and S for N D 2, 3, and 4. Constraint (3) can
be approximated by setting xN D 0 from prediction (9), which can
be rewritten in a compact form:

MT .t; N; h/v D ¡1N x (14)

where

M T D [G N ;0 ¢ ¢ ¢ G N ;N ¡ 1] 2 Rn £ m N (15)

The minimization of NJ in Eq. (13) with respect to v subject to con-
straint (14) constitutes a quadratic programming (QP) problem. It
is shown in Ref. 6 that for suf� ciently small h (equivalently, suf� -
ciently large N for a � xed T ), M T has full rank, given the uniform
controllabilityof the system. Then the precedingQP problem has a
unique solution:

v D ¡ H ¡1 ¡ H ¡1 M.M T H ¡1 M /¡1 M T H ¡1 ST

C H ¡1 M.M T H ¡1 M/¡1 1N x (16)

De� ne an m £ mN matrix:

Im N D fIm £ m; 0; : : : ; 0g (17)

A closed-form, LTV feedback control law for u.t/, denoted by
Nu.tI N; h/ hereafter to signify its dependenceon time and the values
of N and h, is then obtained from the � rst m equations in Eq. (16):

Nu.tI N ; h/ D Im N v K .t; N ; h/x.t/ (18)

It should be noted at this point that for different values of N , the
expressionof the gain K .t; N; h/ in the control law Nu.tI N ; h/ will
bedifferent.The functionalformof K .t; N ; h/ does not changewith
the value of h for the same N , but the values of the gain K .t; N ; h/
do vary with different h. For a � xed N , smaller h normally means
higher controller gains. It is shown in Ref. 6 that the difference be-
tweencontrol Nu.tI h/ andu¤.t/ in Eq. (4) at the same t is proportional
to h. The analysis in Ref. 6 further proves that if A.t/ and B.t/ are
bounded with respect to t , for a � xed T , there exists an h¤ > 0 such
that for all N ¸ T=h¤ and h D T=N · h¤, the closed-loop system
under control Nu.tI h/ is uniformlyasymptoticallystable;Or, equiva-
lently, for a suf� ciently large N , the closed-loopstability is ensured
with h D T=N . Note that the expression of control law (18) [the
gain K .t; N ; h/ in speci� c] wouldbe differentfordifferentvaluesof
N . The proof of stability is based on the recognition that prediction
(9) is in fact the Euler integration algorithm applied to system (1)
and trapezoidalformula (12) is a second-orderapproximationto the
integral in Eq. (2). The stability conclusion is then obtained from
the application of Lyapunov stability theory to the LTV system.

Higher-orderapproximatereceding-horizoncontrol laws are also
discussed in Ref. 6 when higher-orderexpansionsfor x.t C kh/ and
higher-order quadrature formulas for the performance integral of
Eq. (2) are used. But for our subsequent entry guidance application
no clear advantages seem to be gained with higher-order control
laws. Therefore we concentrate on � rst-order control law (18).

It may be useful to reiterate that the development of control law
(18) is a one-time effort. No explicit gain scheduling or on-line
integrations is needed in implementation once system model (1)
is known. The determination of appropriate values of N and h
for a speci� c system is typically not dif� cult simply by trial. In
all the tests conducted, it was found that the value of N need not
be very large (alternatively, the value of h need not be very small
for � xed T ) to achieve closed-loop stability. In most cases it ap-
pears that a value of N ¼ n=m suf� ces (where n is the number of
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state variables). On the other hand, the parameter h is inversely
proportional to the controller gain. For a given N , smaller h pro-
duces a faster response with larger control and possibly large over-
shoot, and vice versa. Once the value of N is determined, it is
more convenient to treat and adjust h as a controller gain parameter
rather than � x on its time-step interpretationused in the control law
derivation.

Proportional-plus-IntegralControl Law
Although Eq. (18) gives a time-varying proportional feedback

control law, in certain cases a proportional-plus-integral (PI) con-
trol law may be desired for better steady-state performance and ro-
bustness in the presence of modeling uncertainty and disturbances.
Although the development in Ref. 6 does not explicitly address this
possibility, the approach can be readily extended to construct a PI
controller for LTV systems.

Suppose that, in addition to system model (1), there are some
functions of interest de� ned by

y D C .t/x (19)

where y 2 R p and C : R ! R p £ n is continuous and bounded with
respect to t . When tight regulation of y is particularly required, the
control law may be desired to contain a term proportional to the
integral of y. To this end, a new quantity is introduced:

z.t/ D
t

t0

y.¿ / d¿ (20)

De� ne an augmented system:

Pw D
Px
Pz

D
A.t/ 0

C.t/ 0

x

z
C

B.t/

0
u QA.t/w C QB.t/u (21)

Now if augmented LTV system (21) is uniformly controllable, the
approach in the preceding section can be taken to derive a closed-
form approximate receding-horizoncontrol law for system (21):

u.t/ D Kw.t; N ; h/w D K1.t; N ; h/x C K2.t; N ; h/z

D K1.t ; N ; h/x C K2.t ; N ; h/

t

t0

y.¿ / d¿ (22)

This is a PI control law to original system (1). A stabilitydiscussion
similar to the one in the preceding section applies to system (21).

III. Entry Guidance for the X-33 Vehicle
The X-33AdvancedTechnologyDemonstratoris a half-scalepro-

totype for a reusable launch vehicle (RLV). The primary technical
goals of the X-33 program are to develop and test key technologies
needed for the next-generation single-stage-to-orbitRLV. Figure 1
shows the con� guration of the X-33. The X-33 will be launched
vertically from Edwards Air Force Base, California, and land hor-
izontally at Michael Army Air Field (AAF) in Utah. The � ight
trajectorieswill cover a range of Mach numbers for various test ob-
jectives such as maximum entry catalytic heating, maximum entry
integrated heat load, and maximum delay of transition to turbulent
� ow.

After a short transition phase following the main engine cutoff at
an altitude of approximately56 km, the X-33 is guided by the entry
guidance system toward the landing site until it reaches the TAEM
interface,which is at Mach 3 and 55 km from the headingalignment
cylinder (HAC). Thus a major portionof the � ight is under the con-
trolof the entryguidancesystem.The effectivenessand theaccuracy
of the entry guidancescheme are key factors in ensuring the success
of the � ight tests. The principle of the entry guidance for the X-33
is similar to that of the Space Shuttle with incorporation of many
recent developments in aerospaceguidance and control research. A
3-degree-of-freedom (DOF) reference trajectory is � rst generated
by trajectory optimization methods. The nominal drag acceleration
pro� le is extracted from the 3-DOF trajectory and used on board
as the reference. The magnitude of the bank angle is modulated to
track the reference drag pro� le, and the sign of the bank angle is
used to control the crossrange motion through bank reversals.2¡4

Although this guidance strategy works well for most of the entry
� ight, it was found that bank reversals have dif� culty in providing

Fig. 1 X-33 Advanced Technology Demonstrator.

tight controlof thevelocityazimuthangle to meet the requiredhead-
ing conditionsat the TAEM interface,especiallywhen the bank rate
is constrained.Therefore the guidance strategy switches to a differ-
ent heading alignment logic before the X-33 arrives at the TAEM
interface.2¡4 But this guidance logic that emphasizes heading con-
trol tends to producetoo high an altitudeand too shallowa trajectory
at the TAEM interface.2¡4 Further additional compensations have
to be made for these undesirable effects.4 The trajectory-regulation
method introduced in the preceding section provides a uniform ap-
proach for addressingthe needs of controlling the trajectory to meet
these competing requirements.Here the entry guidanceproblem for
the X-33 is revisited and the potential of the current approach is
demonstrated.

Reference Trajectory
To apply the trajectory-regulationmethod to entry guidance of

the X-33, we � rst generate a reference trajectory.We begin with the
point-mass dimensionless equations of three-dimensional motion
over a spherical, rotating Earth9:

Pr D V sin ° (23)

Pµ D
V cos ° sin Ã

r cos Á
(24)

PÁ D V cos ° cos Ã=r (25)

PV D ¡D ¡ sin ° =r 2 C Ä2r cos Á.sin ° cos Á ¡ cos ° sin Á cos Ã/

(26)

P° D .1=V /[L cos ¾ C .V 2 ¡ 1=r /.cos ° =r/ C 2ÄV cos Á sin Ã

C Ä2r cos Á.cos ° cos Á C sin ° cos Ã sin Á/] (27)

PÃ D .1=V /[L sin ¾=cos ° C .V 2=r/ cos ° sin Ã tan Á

¡ 2ÄV .tan° cosÃ cosÁ ¡ sin Á/

C .Ä2r=cos ° / sin Ã sin Á cos Á] (28)
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where r is the radial distance from the center of the Earth to the
X-33, normalized by the radius of the Earth R0 D 6378 km. The
longitude and the latitude are µ and Á, respectively. The Earth’s
relative velocity V is normalized by

p
.g0 R0/ with g0 D 9:81 m/s2.

D and L are aerodynamicaccelerationsin g’s. Ä is the rotation rate
of the Earth normalized by

p
.g0=R0/. ° is the � ight-path angle,

and ¾ is the bank angle. The velocity azimuth angle Ã is measured
from the north in a clockwise direction. The differentiation is with
respect to the dimensionless time ¿ D t=

p
.R0=g0/.

The initial conditions for the entry trajectory are chosen to be a
Mach 10 trajectory beginning at an altitude of 55 km and 435 km
away from the TAEM interface near Michael AAF. The TAEM
conditions are speci� ed according to early X-33 trajectory data, in
termsof altitude(25 km), Machnumber (2.5), velocityazimuth, lon-
gitude, and latitude. In addition, the following trajectory constraints
are imposed:

jL cos ® C D sin ®j · nzmax (29)

Nq · Nqmax (30)

PQs · PQmax (31)

where relation (29) is a constraint on the acceleration in the body-
normal direction, relation (30) is a constraint on dynamic pres-
sure Nq, and relation (31) is a constraint on heat rate PQs at a
stagnation point. Multiple heat rate constraints for several stag-
nation points can be imposed, although only one is used here.
In this study, nzmax D 2:5 (g), Nqmax D 11,970 N/m2 (250 psf), and
PQmax D 431,259 W/m2 (38 Btu/s ¢ ft2) are used.

In the design of the nominal entry trajectory, the angle of attack
® is scheduled as a function of Mach number, beginning at a large
value (45 deg) and gradually reducing to 15 deg at the TAEM point.
The bankangle¾ is parameterizedby cubic spline functionsof time.
The nodal values of the parameterizationof ¾ and the � ight time ¿ f

are treated as the parameters to be determined.A feasible trajectory
satisfyingall the TAEM conditionsand in-� ight constraints(29–31)
is found by a sequential quadratic programming algorithm10 that
determines the values of those parameters. The X-33 basic vehicle
aerodynamicdata are used, and the models for atmospheric density
and speed of sound are based on the 1976 U.S. standardatmosphere.
Figures2–4 showthevariationsof the six statevariables,bankangle,

Fig. 2 Variations of nominal altitude, longitude µ, and latitude Á.

Fig.3 Variationsofnominalvelocityv, � ight-pathangle° , and heading
angle Ã.

Fig. 4 Variations of nominal bank angle ¾ and angle of attack ®.

and ® alongthe referencetrajectory.They are clearlyverymuch time
varying in nature.

Closed-Loop Guidance by Trajectory Regulation
Let x D .rµÁV ° Ã/T and u D .¾®/T . We allow some feedback

modulation of ® for better trajectory control as it is done in Space
Shuttle and X-33 entry guidance.1;2 Let 1x.¿ / and 1u.¿ / denote
the differences between the actual and the nominal values in x and
u. The linearized dynamics of system (23–28) about the reference
trajectory are

1 Px D A.¿/1x C B.¿/1u (32)

With the tabulated data for the lift and drag coef� cients of the basic
X-33 vehicle � tted by bivariate rational functions of ® and Mach
number, the expressions of the elements in the Jacobian matrices
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A and B are obtained analytically from Eqs. (24–28). Their values
at each ¿ depend on the state and control histories of the reference
trajectory. Applying control law (18) to system (32), we have a
feedback control law for 1u D K .¿/1x , where K is dependent on
A.¿/, B.¿ /, N , and h. The actual trajectory is then controlled by
u.¿ / D u¤.¿/C1u.¿/ with thenonlineardynamicsgovernedby sys-
tem (23–28), where the asteriskdenotes the referencevalue. In other
words, in the subsequentsimulations,1x is not generated from lin-
earized system (32), but from 1x.¿/ D x.¿/ ¡ x¤.¿ /, where x.¿ / is
the state response from system (23–28) with u.¿/ D u¤.¿/C1u.¿/.
Linearized model (32) is used only for the control law construction
for 1u. Successful trajectoryregulationshould lead to 1x ! 0, and
thus 1u ! 0, provided the trajectory dispersionsare not so large as
to invalidate the linearization approximation or cause destabilizing
control saturation.

For system (32), n D 6 and m D 2. The parameter N in control law
(18) must be at least greater than n=m D 3. It was found that any
N ¸ 4 for this application suf� ces to yield a satisfactory stabilizing
control law for 1u. The control law is too lengthy to present here,
but otherwise a straightforward matter to obtain by following the
systematic formulas given in Sec. II. Coding of the control law with
existing control system software packages such as MATLAB® is
particularlyeasy. All the referencestate histories are � tted by ratio-
nal functionsor polynomialsto reducedatastorageand interpolation
needs. Commercial software is availableto perform the curve � tting
ef� ciently and to generate computer codes for the � ttings. For dif-
ferent reference trajectories, the control law code remains the same,
and the only changes will be in the curve � ttings for the reference
trajectory.

To assess the effectivenessof this guidancemethod under diverse
conditions, we let the trajectory dispersions at the starting point be
randomly distributed in the ranges of

j1r.0/j · 3 .km/; j1µ.0/j · 0:05 .deg/

j1Á.0/j · 0:05 .deg/; j1V .0/j · 150 .m=s/

j1° .0/j · 2 .deg/; j1Ã.0/j · 5 .deg/ (33)

Fig. 5 Dispersions in altitude, longitude, and latitude.

Fig. 6 Dispersions in velocity, � ight-path angle, and heading angle.

These represent signi� cant dispersions for entry � ight of the
X-33. The reference trajectory in Figs. 2–4 is the nominal. For the
trajectorycontrollaw used in the simulationsdescribedin this paper,
N D 7, h D 0:02 (dimensionless, 16 s in real time), Q is the unity
matrix, and R D diagf5; 0:01g (with ¾ in radians and ® in degrees)
are used. The sizes of 1¾ and 1® are bounded by the conditions

j¾ ¤.¿ / C 1¾ .¿ /j · 90 .deg/ (34)

j1®.¿ /j · 1®max.¿ / (35)

where 1®max is scheduled with respect to Mach number, starting at
5 deg at Mach 10 and linearly increasing to 10 deg at Mach 2.5.

Many trajectorieshavebeen simulatedwith initial conditionsran-
domly perturbed away from the reference in the ranges speci� ed in
relations (33). Figures 5 and 6 depict the variations of the trajec-
tory dispersions along 10 such trajectories. At the TAEM interface
along all the 10 trajectories, the altitude errors are less than 0.3 km,
the circular position errors less than 0.65 km, the velocity errors
less than 7 m/s, the � ight-path angle errors less than 1.5 deg, and
the heading angle errors less than 0.6 deg. This level of accuracy
representsa major improvement in the precision that trajectorycon-
trol can achieve in the context of entry guidance. It would already
be dif� cult for the methods in previous works2¡4 to attain similar
accuracy in just a few of the state variables in a dispersion study, let
alone the level of overall precision demonstrated here. It should be
noted that no navigation uncertainty is considered in the preceding
assessment.

The variations of complete ¾ and ® (not just dispersions) along
those 10 trajectories are shown in Fig. 7. It can be seen that as the
trajectory dispersions are reduced by the feedback control law, the
bank angle and the angle of attack return to their nominal values.

Discussion
1) Although the independent variable used in the preceding dis-

cussion is the time, it is not a necessity. In fact, if the use of
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Fig. 7 Variations of dispersed bank angle and angle of attack.

some other monotonic variable (e.g., energy) as the independent
variable in de� ning the reference trajectory is deemed to be more
advantageous,the methodologyhas no dif� culty in applyingto such
a case. Note that linearized system relation (32) (A and B matrices
in particular) will be different if a different independent variable is
used; therefore the control law must be reformulated accordingly.

2) Both the Space Shuttle and theX-33 entryguidanceuse ® mod-
ulation for better trackingperformance,particularlyduring bank re-
versals.Without ® compensation,bank reversals tend to degrade the
trajectory control accuracy signi� cantly. The current approach pro-
vides coordinated and continuous ¾ and ® modulation commands
that do not call for sudden changes (reversals).

3) The controllabilityof linearizeddynamics (32) that is required
for the trajectorycontrol law to exist is guaranteedby allowing both
¾ and ® as controls(with the variationin 1® restricted). With only ¾
as the control, the linearizeddynamics are not controllableat ¾ D 0
or ¾ D §90 (deg). In such a case the M T matrix in Eq. (15) will not
be full rank; thus the matrix inverses in control law (16) will not
exist.

4) The tightness of the trajectory control depends directly on the
control margins available, i.e., the allowable sizes of 1¾ and 1®.
The larger the margins are, the higher controller gain (smaller h
parameter) may be used for tighter trajectory control, or the larger
trajectorydispersionscan be accommodated for the same controller
gain. When we keep increasing the magnitudes of trajectory disper-
sions to the point when divergence occurs, it is always inevitably
due to control saturations.

5) Some simple tests have also been done on the robustness of
the trajectory control law with respect to aerodynamic uncertain-
ties. One of the noted advantages of the receding-horizon control
is its robustness. In this entry guidance application, the preliminary
� nding suggests again that robustness is strongly dependent on the
available control margins. With larger margins, more substantial
uncertainties can be compensated for by the feedback control law.
No effort has been made yet on comparing the robustness of the
drag-trackingguidance strategy of the Shuttle/X-33 and the current
method. But the conjecture is that when the control margins are
severely limited, the drag-trackingapproach will probably be more
robust,becausethecurrentapproachattempts to regulateall the state
variables rather than track just one function of the state.

6) The performance of the control law is very insensitive to the
choice of the Q matrix. The choice of the R matrix has a more
noticeable effect in balancing the relative magnitudes of 1¾ and
1®, but is far from highly critical.

7) In recent years other entry guidance strategies have also been
proposed. Among them, a predictor–corrector guidance method is
investigated in Ref. 11. This scheme integrates the trajectory on
board and iterates on the targeting conditions to generate the guid-
ance commands.Approximatefeedbacklinearizationis used in Ref.
12 to construct control laws for essentially the magnitude of the lift
and bank angle to track a predesigned ground track. The current
approach adds to the wealth of the available entry guidance meth-
ods. It appears to be well suited for missions in which high preci-
sion in several or all the states of the trajectory is critical, and the
methodology provides a degree of con� dence without necessarily
requiring extensive simulations for many cases, because the stabil-
ity is established theoretically for appropriately selected controller
parameters.

IV. Conclusions
In a general context, this paper introduces a method to control

nonlinear dynamic systems to follow preplanned time-varying ref-
erence trajectories. The approach uses an analytical approximate
receding-horizon control law. Its major advantages over conven-
tional gain-scheduledcontrollersare that the closed-loopstability is
theoreticallyensuredfor appropriatelychosencontrollerparameters
and the controllergains need not be explicitly recomputedwhen the
reference trajectory is changed.

As a speci� c application,the entryguidanceproblemfor the X-33
vehicleis revisitedto demonstratethe potentialof this approach.The
entry guidance problem is treated as a trajectory-regulationprob-
lem about a nominal time-varyingtrajectory.Even in the presenceof
relatively large off-nominal trajectory dispersions, the trajectory is
still accurately controlled to achieve the desired state in all six state
variablesof the three-dimensionalmotion. In comparison, previous
methods have not been able to attain this level of overall precision.
This applicationprovidesa strong support to the proposedapproach
as a promisingcandidate for trajectorycontrol and guidance in mis-
sions where high precision is critical.

Appendix: Expressions of H and S Matrices
In Eq. (13) the sizes and expressions of H and S depend on the

value of N [the term q in Eq. (13) does not affect solution (16)]. For
an integer N let

H D

&

6666$

H00 H01 ¢ ¢ ¢ H0.N ¡ 1/

H10 H11 ¢ ¢ ¢ H1.N ¡ 1/

:::
:::

: : :
:::

H.N ¡ 1/0 H.N ¡ 1/1 ¢ ¢ ¢ H.N ¡ 1/.N ¡ 1/

’

7777%
(A1)

and

S D [S0 S1 ¢ ¢ ¢ SN ¡1] (A2)

For N D 2:

H00 D h R C 2hGT
1;0 QG1;0 C hGT

2;0 QG2;0

H11 D 2h R C hGT
2;1 QG2;1

H01 D H10 D hGT
2;0 QG2;1

S0 D 2h1T
1 QG1;0 C h1T

2 QG2;0

S1 D h1T
2 QG2;1 (A3)
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For N D 3:

H00 D h R C 2hGT
1;0 QG1;0 C 2hGT

2;0 QG2;0 C hGT
3;0 QG3;0

H11 D 2h R C 2hGT
2;1 QG2;1 C hGT

3;1 QG3;1

H22 D 2h R C hGT
3;2 QG3;2

H01 D H10 D 2hGT
2;0 QG2;1 C hGT

3;0 QG3;1

H02 D H20 D hGT
3;0 QG3;2

H12 D H21 D hGT
3;1 QG3;2

S0 D 2h1T
1 QG1;0 C 2h1T

2 QG2;0 C h1T
3 QG3;0

S1 D 2h1T
2 QG2;1 C h1T

3 QG3;1

S2 D h1T
3 QG3;2 (A4)

For N D 4:

H00 D h R C 2hGT
1;0 QG1;0 C 2hGT

2;0 QG2;0

C 2hGT
3;0 QG3;0 C hGT

4;0 QG4;0

H11 D 2h R C 2hGT
2;1 QG2;1 C 2hGT

3;1 QG3;1 C hGT
4;1 QG4;1

H22 D 2h R C 2hGT
3;2 QG3;2 C hG4;2 QG4;2

H33 D 2h R C hGT
4;3 QG4;3

H01 D H10 D 2hGT
2;0 QG2;1 C 2hGT

3;0 QG3;1 C hGT
4;0 QG4;1

H02 D H20 D 2hGT
3;0 QG3;2 C hGT

4;0 QG4;2

H03 D H30 D hGT
4;0 QG4;3

H12 D H21 D hGT
3;1 QG3;2

H13 D H31 D hGT
4;1 QG4;3

H23 D H32 D hGT
4;2 QG4;3

S0 D 2h1T
1 QG1;0 C 2h1T

2 QG2;0 C 2h1T
3 QG3;0 C h1T

4 QG4;0

S1 D 2h1T
2 QG2;1 C 2h1T

3 QG3;1 C h1T
4 QG4;1

S2 D 2h1T
3 QG3;2 C h1T

4 QG4;2

S3 D h1T
4 QG4;3 (A5)

For other values of N , it is not dif� cult to follow the patterns
exhibited in the precedingexpressionsand obtain the corresponding
H and S matrices.
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